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Abstract
In the following document we present some novelty numerical methods valid for one and several variables, which using
fractional derivatives, allow to find solutions for some nonlinear systems in the complex space using real initial conditions.
The origin of these methods is the fractional Newton-Raphson method (see [1, 2]), but unlike the latter, the orders of fractional
derivatives that we propose in this work are functions.
Key words: Newton’s Method, Fractional Calculus, Fractional Derivative of Riemann-Liouville.
1. Introduccio´n
When one begins to study the fractional calculus, the first
difficulty one encounters is that when wanting to solve a
problem related to physical units, as for example: deter-
mining the velocity of a particle, the fractional derivative
would seem to be meaningless, this is due to the fact that
physical units such as meter and second appear to non-
integer exponents, contrary to what happens with differ-
ential operators of integer order. The second difficulty,
which is a recurring topic of debate in the study of frac-
tional calculus, is to know what is the order α “optimal”
that should be used when we want to solve a problem re-
lated to fractional operators.
To face these difficulties, what is usually done in the
first case is to dimensionless any equation in which non-
integer operators are involved, while for the second case
different α orders are used in fractional operators to solve
some problem, and then choose the order α that provides
the “best solution” based on an established criteria.
Based on the two previous difficulties, the idea of find-
ing applications of a dimensionless nature arises and that
the need to use multiple α orders can be exploited in
some sense. The aforementioned led to the study of New-
ton’s method and a particular problem that it has related
to the search for roots in the complex space for polyno-
mials: if one wants to find a complex root of a polyno-
mial using Newton’s method, it is necessary to provide a
complex initial condition x0 and if the right conditions
exist this leads to a complex solution, but there is also
the possibility that this leads to a real solution. If the
root obtained is real, it is necessary to change the initial
condition and hope that this leads to a complex solution,
otherwise it is necessary to change the value of the initial
condition again.
The process described above, It is very similar to what
happens when using different α values in fractional op-
erators until finding a solution that meets some desired
condition. Looking at Newton’s method from the per-
spective of fractional calculus, one can consider that a
fixed α order remains, in this case α = 1, and the ini-
tial conditions x0 are varied until a solution that meets
some criteria is obtained. Then reversing the behavior of
α and x0, that is, leave the initial condition fixed and vary
the order α, the fractional Newton’s method is obtained,
which is nothing other than Newton’s method using any
definition of fractional derivative that fits the function
with which one is working. This change, although essen-
tially simple, allows we to find roots in the complex space
using real initial conditions, because fractional operators
generally do not carry polynomials to polynomials.
1.1. Fixed Point Method
A classic problem that is of common interest in Physics
and Mathematics, is to find the zeros of a function f :
Ω ⊂Rn→Rn, that is,
{ξ ∈Ω : f (ξ) = 0} ,
this problem often arises as a derivative of wanting to
solve other problems, take for example, want to deter-
mine the eigenvalues of a matrix or want to build a box
with a given volume but with minimal surface; in the first
example we need to find the zeros (or roots) of the charac-
teristic polynomial of the matrix, while in the second one
we need to find the zeros of the gradient of a function
that relates the surface of the box with its volume.
Although finding the zeros of a function may seem like
a simple problem, in general it involves solving nonlinear
equations, which in many cases have no analytical solu-
tion, an example of the above is presented when wanting
to determine the zeros of the following function
f (x) = sin(x)− 1
x
.
Because in many cases there is no analytical solution,
numerical methods are needed to try to determine the
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solutions to these problems; it should be taken into ac-
count that when using numerical methods the word “de-
termine” should be interpreted as approaching a solu-
tion with a desired degree of precision. The numeri-
cal methods mentioned above are usually of the iterative
type and work as follows: suppose we have a function
f : Ω ⊂ Rn → Rn and look for a value ξ ∈ Rn such that
f (ξ) = 0, then start by giving an initial value x0 ∈ Rn and
then calculate a value xi close to the searched value ξ us-
ing an iteration function Φ :Rn→Rn as follows [3]:
xi+1 := Φ(xi), i = 0,1,2, · · · , (1)
this generates a sequence {xi}∞i=0, which under certain
conditions meets that
lim
i→∞xi → ξ.
It should be noted that the iteration function Φ con-
verges in the following sense [4]
Definition 1.1. Let Φ : Rn → Rn be an iteration function.
The method given in (1) to determine ξ ∈ Rn, it is called
(locally) convergent, f there is delta > 0 such that for all
initial value
x0 ∈ B(ξ;δ) :=
{
y ∈Rn : ∥∥∥y − ξ∥∥∥ < δ} ,
it is true that
lim
i→∞‖xi − ξ‖ → 0 ⇒ limi→∞xi = ξ, (2)
where ‖ · ‖ :Rn→R denotes any vector norm.
When it is assumed that the iteration functionΦ is con-
tinuous at ξ and that the sequence {xi}∞i=0 converges to ξ
under the condition given in (2), the ξ value is necessarily
a fixed point of the iteration function, that is,
Φ(ξ) = ξ,
to confirm that ξ is a fixed point of the iteration func-
tion, It should be noted that under the assumptions men-
tioned above, it is satisfied that
ξ = lim
i→∞xi+1 = limi→∞Φ(xi) = Φ
(
lim
i→∞xi
)
= Φ(ξ), (3)
the previous result is the reason why the method given
in (1) is called fixed point method or fixed point itera-
tion.
1.1.1 Convergence and Order
The (local) convergence of the iteration function Φ set to
(2), it is useful for demonstrating certain intrinsic prop-
erties of the fixed point method, these properties allow
to ensure the convergence of the sequence {xi}∞i=0 gener-
ated by (1). Before continuing, the following definition is
introduced
Definition 1.2. Let Φ : Ω ⊂ Rn → Rn. The function Φ is
a contraction on a set Ω0 ⊂ Ω, if there is a non-negative
constant β < 1 such that
∥∥∥Φ(x)−Φ(y)∥∥∥ ≤ β ∥∥∥x − y∥∥∥ , ∀x,y ∈Ω0, (4)
where β is called a contraction constant.
From the previous definition, if the iteration function
Φ is a contraction on a set Ω0, then it is Lipschitz con-
tinuous and it can be guaranteed that it has at least one
fixed point. The existence of a fixed point is guaranteed
by the following theorem [5]:
Theorem 1.3. Contraction Mapping Theorem: Let Φ :
Ω ⊂Rn→Rn. Assuming that Φ is a contraction on a closed
set Ω0 ⊂ Ω, and that Φ(x) ∈ Ω0 ∀x ∈ Ω0. Then Φ has a
single fixed point ξ ∈ Ω0 and for any initial value x0 ∈ Ω0,
the sequence {xi}∞i=0 generated by (1) converges to ξ. Further
‖xk+1 − ξ‖ ≤ β1− β ‖xk+1 − xk‖ , k = 0,1,2, · · · , (5)
where β is the contraction constant given in (4).
Proof. Assuming that Φ(x) ∈ Ω0 ∀x ∈ Ω0, then any se-
quence generated by (1) with initial value x0 ∈ Ω0 is a
subset of Ω0, that is,
{xi}∞i=0 ⊂Ω0, ∀x0 ∈Ω0,
on the other hand of (1) and assuming that Φ is a con-
traction we have to
‖xm+1 − xm‖ =‖Φ(xm)−Φ(xm−1)‖ ≤ β ‖xm − xm−1‖
≤β2 ‖xm−1 − xm−2‖ ≤ · · · ≤ βm ‖x1 − x0‖ , (6)
of the previous result and taking p ≥ 1 we have to
∥∥∥xk+p+1 − xk+1∥∥∥ =
∥∥∥∥∥∥∥
p∑
i=1
(xk+i+1 − xk+i )
∥∥∥∥∥∥∥ ≤
p∑
i=1
‖xk+i+1 − xk+i‖
≤
p∑
i=1
βi ‖xk+1 − xk‖ = β

p−1∑
i=0
βi
‖xk+1 − xk‖
≤ β
 ∞∑
i=0
βi
‖xk+1 − xk‖ = β1− β ‖xk+1 − xk‖ .
(7)
Using the results (6), (7) and considering that β < 1, we
get that
∥∥∥xk+1 − xk+p+1∥∥∥ ≤ βk1− β ‖x1 − x0‖ −→k→∞ 0,
which shows that the sequence {xi}∞i=0 generated by (1)
is a Cauchy sequence, also, as Ω0 is closed, the sequence
has a limit ξ in Ω0, that is, xi → ξ ∈ Ω0, therefore the
result (7) must be
2
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lim
p→∞
∥∥∥xk+1 − xk+p+1∥∥∥ = ‖xk+1 − ξ‖ ≤ β1− β ‖xk+1 − xk‖ ,
furthermore, sinceΦ is continuous Lipschitz of (3), it is
necessary that ξ is a fixed point of Φ . To demonstrate the
uniqueness of the fixed point ξ, just assume that there is
another fixed point ξ ′ ∈ Ω0 and use that Φ is a contrac-
tion, then
∥∥∥ξ − ξ ′∥∥∥ = ∥∥∥Φ(ξ)−Φ (ξ ′)∥∥∥ ≤ β ∥∥∥ξ − ξ ′∥∥∥ ,
so that
(1− β)∥∥∥ξ − ξ ′∥∥∥ ≤ 0,
which leads to a contradiction if the fixed point ξ ′ is
different from ξ.
When the fixed point method given by (1) is used, in
addition to convergence there is a special interest in the
convergence order, which is defined as follows
Definition 1.4. Let Φ :Ω ⊂ Rn→ Rn be an iteration func-
tion with a fixed point ξ ∈Ω. Then the method (1) is called
(locally) convergent of (at least) order p (p ≥ 1), if exists
δ > 0 and there is a non-negative constant C (with C < 1 if
p = 1) such that for any initial value x0 ∈ B(ξ;δ) it is true
that
‖xk+1 − ξ‖ ≤ C ‖xk − ξ‖p , k = 0,1,2, · · · , (8)
where C is called convergence factor.
The convergence order is usually related to the speed at
which the sequence generated by (1) converges, a method
is said to be exactly convergent of order p, if this is con-
vergent of order p but it is not for any major order. For
particular cases p = 1 or p = 2 it is said that the method
has (at least) linear or quadratic convergence, respec-
tively.
From the previous definition the following theorem for
the one-dimensional case follows, which allows to char-
acterize the order of convergence of an iteration function
Φ with its derivatives
Theorem 1.5. Let Φ : Ω ⊂ R → R be an iteration func-
tion with a fixed point ξ ∈ Ω. Assuming that Φ is p-times
differentiable in ξ for some p ∈N, and that in addition
{
Φ (k)(ξ) = 0, ∀k ≤ p − 1, if p ≥ 2,∣∣∣Φ (1)(ξ)∣∣∣ < 1, if p = 1, (9)
then Φ is (locally) convergent of (at least) order p.
Proof. Assuming Φ :Ω ⊂R→R is a differentiation func-
tion p-times differentiable in ξ ∈ Ω, then expanding on
Taylor series the function Φ around ξ until order p has to
be
Φ(xi) = Φ(ξ) +
p∑
k=1
Φ (k)(ξ)
k!
(xi − ξ)k + o ((xi − ξ)p) ,
then
|Φ(xi)−Φ(ξ)| ≤
p∑
k=1
∣∣∣∣∣∣Φ (k)(ξ)k!
∣∣∣∣∣∣ |xi − ξ |k + o (|xi − ξ |p) ,
assuming thatΦ (k)(ξ) = 0 ∀k ≤ p−1 and that ξ is a fixed
point of the iteration function, the previous expression
implies that
|xi+1 − ξ |
|xi − ξ |p =
|Φ(xi)−Φ(ξ)|
|xi − ξ |p ≤
∣∣∣∣∣∣Φ (p)(ξ)p!
∣∣∣∣∣∣+ o (|xi − ξ |p)|xi − ξ |p
−→
i→∞
∣∣∣∣∣∣Φ (p)(ξ)p!
∣∣∣∣∣∣ ,
as a consequence, if the sequence {xi}∞i=0 generated by
(1) converges to ξ, then there is a value k > 0 such what
|xi+1 − ξ | ≤
∣∣∣∣∣∣Φ (p)(ξ)p!
∣∣∣∣∣∣ |xi − ξ |p , ∀i ≥ k.
A version of the previous theorem for the case n-
dimensional can be found in the reference [3].
1.2. Newton’s method
The previous theorem is usually of great use to generate a
fixed point method with a desired order of convergence,
an order of convergence that is usually appreciated in it-
erative methods is the (at least) quadratic order. If we
have a function f :Ω ⊂R→R and look for a value ξ ∈Ω
such that f (ξ) = 0, we can build an iteration function Φ
in general as [6]:
Φ(x) = x −φ(x)f (x), (10)
where φ(x) : R→ R is a function to be determined ac-
cording to the order of convergence desired.
As an example of the above, suppose that an iteration
function given by (10) is sought with a convergence order
(at least) quadratic, then from Theorem 1.5 we have to Φ
have to be differentiable in ξ and also we needΦ (1)(ξ) = 0,
assuming the above is true then
Φ (1)(x) = 1−φ(x)f (1)(x)−φ(1)(x)f (x),
with which
Φ (1)(ξ) = 1−φ(ξ)f (1)(ξ) = 0 ⇒ φ(ξ) =
(
f (1)(ξ)
)−1
,
therefore, any function φ(x) that meets the following
condition
3
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lim
x→ξφ(x) =
(
f (1)(ξ)
)−1
,
∥∥∥f (1)(ξ)∥∥∥ , 0, (11)
guarantees that exists δ > 0 such that the iteration
function Φ given by (10), converges (locally) with a con-
vergence order (at least) quadratic in B(ξ;δ). From the
previous result the following fixed point method can be
obtained
xi+1 := Φ(xi ) = xi −
(
f (1)(xi )
)−1
f (xi ), i = 0,1,2, · · · , (12)
which is the well-known Newton’s method [7], also
known as the Newton-Raphson method.
Although the condition given in eqref eq: c2.11 could
imply that Newton’s method always has a convergence
order (at least) quadratic, unfortunately this is not so;
the convergence order is now conditioned to the way in
which the function f is constituted, which is reflected in
the following proposition
Proposition 1.6. Let f :Ω ⊂R→R be a function that is at
least twice differentiable in ξ ∈Ω. So if ξ is a zero of f with
algebraic multiplicity m (m ≥ 2), that is,
f (x) = (x − ξ)mg(x), g(ξ) , 0,
Newton’s method (12), has an order of convergence (at
least) linear.
Proof. Assuming we have f : Ω ⊂ R→ R a function with
a zero ξ ∈Ω of algebraic multiplicity m ≥ 2, and that f is
at least twice differentiable in ξ, then
f (x) =(x − ξ)mg(x), g(ξ) , 0,
f (1)(x) =(x − ξ)m−1
(
mg(x) + (x − ξ)g(1)(x)
)
,
whereby the iteration function Φ of Newton’s method
can be expressed as
Φ(x) = x − f (x)
f (1)(x)
= x − (x − ξ)g(x)
mg(x) + (x − ξ)g(1)(x) ,
then
Φ(1)(x) = 1−
mg2(x) + (x − ξ)2
[(
g(1)(x)
)2 − g(x)g(2)(x)](
mg(x) + (x − ξ)g(1)(x)
)2 ,
hence
lim
x→ξΦ
(1)(x) = 1− 1
m
,
and by the Theorem 1.5, Newton’s method under the
hypothesis of the proposition converges (locally) with an
order of convergence (at least) linear.
Newton’s method generates a sequence {xi}∞i=0, by the
intersection of the tangent line of a function f at the point
xi , with the real axis x to generate a new value xi+1. f the
initial condition x0 is sufficiently close to a value ξ that is
a zero of the function f , the sequence generated by (12)
is usually convergent to that value.
Figure 1: Newton’s method illustration
It should be taken into account that an order of conver-
gence (at least) quadratic, does not necessarily imply a
higher convergence speed when using Newton’s method;
to verify this, just take a polynomial of the form
f (x) = xn +
n−1∑
k=0
akx
k , ak ∈R, ∀k ≤ n− 1,
now assuming that ξ is a zero of the polynomial, and
that the sequence {xi}∞i=0 generated by (12) has an initial
condition x0 such that ξ  x0, then
xi+1 := Φ(xi ) = xi −
xn +
∑n−1
k=0 akx
k
nxn−1 +∑n−1k=1 kakxk−1 ≈ xi
(
1− 1
n
)
,
so there is a small change between the values xi and
xi+1; as a consequence, the sequence generated by New-
ton’s method will have a slow convergence to the value
ξ.
2. Basic Definitions of the Fractional
Derivative
2.1. Introduction to the Definition of
Riemann-Liouville
One of the key pieces in the study of fractional calculus
is the iterated integral, which is defined as follows
Definition 2.1. Let L1loc(a,b) be the space of functions that
can be integrated locally in the interval (a,b). If f is a func-
tion such that f ∈ L1loc(a,∞), then the iterated n-th integral
of the function f is given by [8]
aI
n
x f (x) = aIx
(
aI
n−1
x f (x)
)
=
1
(n− 1)!
∫ x
a
(x − t)n−1f (t)dt, (13)
where
4
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aIxf (x) :=
∫ x
a
f (t)dt.
Taking into account that (n−1)! = Γ (n), a generalization
of (13) can be obtained for an arbitrary order α > 0
aI
α
x f (x) =
1
Γ (α)
∫ x
a
(x − t)α−1f (t)dt, (14)
similarly, if f ∈ L1loc(−∞,b), we can define
xI
α
b f (x) =
1
Γ (α)
∫ b
x
(t − x)α−1f (t)dt, (15)
the equations (14) and (15) correspond to the defini-
tions of fractional integral right and left of Riemann-
Liouville, respectively.
Below are some properties that are valid for right frac-
tional integrals, these same properties but for left frac-
tional integrals present some changes.
If f ∈ L1loc(a,∞), the existence of the fractional inte-
gral aI
α
x f (x) is conditioned to the value assigned to the
constant a. If a > −∞, then the fractional integral is fi-
nite almost everywhere in the interval (a,∞) and there-
fore aI
α
x f (x) ∈ L1loc(a,∞). On the other hand, if a = −∞, it
is necessary that f (x) behave in x = −∞ so that the frac-
tional integral is convergent.
Fractional integrals satisfy the semigroup property,
which is given in the following proposition
Proposition 2.2. Let f be a function. If f ∈ L1loc(a,∞), then
the fractional integrals of f satisfy that
aI
α
x aI
β
x f (x) = aI
α+β
x f (x), α,β > 0. (16)
Proof. Assuming that f behaves in such a way that the
change in the order of integration is valid, then
aI
α
x aI
β
x f (x) =
1
Γ (α)
∫ x
a
(x −u)α−1
[
1
Γ (β)
∫ u
a
(u − t)β−1f (t)dt
]
du
=
1
Γ (α)Γ (β)
∫ x
a
f (t)dt
∫ u
t
(u − t)β−1(x −u)α−1du,
taking the change of variable y = (u − t)/(x − t) in the
second integral of the right
aI
α
x aI
β
x f (x) =
1
Γ (α)Γ (β)
∫ x
a
(x − t)α+β−1f (t)dt
∫ 1
0
yβ−1(1− y)α−1dy.
(17)
Remembering that the beta function is defined as fol-
lows
B(α,β) :=
∫ 1
0
yβ−1(1− y)α−1dy = Γ (α)Γ (β)
Γ (α + β)
,
then from eqref eq: c1.34 we get that
aI
α
x aI
β
x f (x) =
B(α,β)
Γ (α)Γ (β)
∫ x
a
(x − t)α+β−1f (t)dt
=
1
Γ (α + β)
∫ x
a
(x − t)α+β−1f (t)dt
=aI
α+β
x f (x).
From the previous result, we have to in particular
aI
n
x aI
α
x f (x) = aI
n+α
x f (x), n ∈N, α > 0,
since the operator d/dx is the inverse operator on the
left of the operator aIx, any integral α-th of a function
f ∈ L1loc(a,∞) can be written as
aI
α
x f (x) =
dn
dxn
(aI
n
x aI
α
x f (x)) =
dn
dxn
(aI
n+α
x f (x)) . (18)
It should be made clear that the above results are also
valid for α in the complexes, with Re (α) > 0. Under
proper conditions we have of (18) that
aI
−n
x f (x) =
dn
dxn
(
aI
0
x f (x)
)
=
dn
dxn
f (x), (19)
then, from (18) and (19) the following operator is con-
structed, which corresponds to the fractional derivative
(right) of Riemann-Liouville
aD
α
x f (x) :=aI
−α
x f (x) =
dn
dxn
(aI
n−α
x f (x))
=
1
Γ (n−α)
dn
dxn
∫ x
a
(x − t)n−α−1f (t)dt, (20)
where n = bRe (α)c+ 1, with bRe (α)c the largest integer
less than or equal to Re (α).
Applying the (20) operator with a = 0 to the function
xµ, with µ > −1, we get
0D
α
x x
µ =
Γ (µ+ 1)
Γ (µ−α + 1)x
µ−α , µ > −1, (21)
the previous equation, when µ ∈N, corresponds to the
result of the Riemann-Liouville fractional derivative for
monomials.
We can unify the definitions of fractional integral and
fractional derivative of Riemann-Liouville, given by (14)
and (20), as follows
aD
α
x f (x) =

1
Γ (−α)
∫ x
a
(x − t)−α−1f (t)dt, if Re (α) < 0,
1
Γ (n−α)
dn
dxn
∫ x
a
(x − t)n−α−1f (t)dt, if Re (α) ≥ 0,
(22)
where n−1 ≤ Re (α) < n, with n = bRe (α)c+1. Similarly,
for the left fractional derivative of Riemann-Liouville, it
must be
5
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xD
α
b f (x) =

1
Γ (−α)
∫ b
x
(t − x)−α−1f (t)dt, if Re (α) < 0,
(−1)n
Γ (n−α)
dn
dxn
∫ b
x
(t − x)n−α−1f (t)dt, if Re (α) ≥ 0.
(23)
If Re (α) = 0, the fractional integral (right) of order α =
iθ is given by (18) as follows
aI
iθ
x f (x) =
1
Γ (1 + iθ)
d
dx
∫ x
a
(x − t)iθf (t)dt, θ , 0.
2.2. Introduction to the Definition of
Caputo
Michele Caputo (1969) published a book in which he
introduced a new definition of fractional derivative, he
created this definition with the objective of modeling
anomalous diffusion phenomena. The definition of Ca-
puto had already been discovered independently by
Gerasimov (1948). This fractional derivative is of the ut-
most importance, since it allows to give a physical inter-
pretation to problems of initial conditions, also that is
used to model fractional time. In some texts it is known
as the fractional derivative of Gerasimov-Caputo [9].
Let f be a function, such that f is n-times differen-
tiable with f (n) ∈ L1loc(a,b), then the fractional deriva-
tives right and left of Caputo are defined as:
C
a D
α
x f (x) :=aI
n−α
x
dn
dxn
f (x)
=
1
Γ (n−α)
∫ x
a
(x − t)n−α−1f (n)(t)dt, (24)
C
x D
α
b f (x) :=(−1)nxIn−αb
dn
dxn
f (x)
=
(−1)n
Γ (n−α)
∫ b
x
(t − x)n−α−1f (n)(t)dt, (25)
where n = bRe (α)c + 1. On the other hand, the rela-
tionship between the fractional derivatives of Caputo and
Riemann-Liouville is given by the following formulas
C
a D
α
x f (x) =aD
α
x
f (x)− n−1∑
k=0
f (k)(a)
k!
(x − a)k
 ,
C
x D
α
b f (x) =xD
α
b
f (x)− n−1∑
k=0
f (k)(b)
k!
(b − x)k
 .
Fractional derivatives of Caputo behave as inverse op-
erators on the left for Riemann-Liouville fractional inte-
grals, that is,
C
a D
α
x (aI
α
x f (x)) = f (x),
C
x D
α
b (xI
α
b f (x)) = f (x).
On the other hand, if Re (α) > 0 and under conditions
suitable for the function f , we have to
aI
α
x
(
C
a D
α
x f (x)
)
=f (x)−
n−1∑
k=0
f (k)(a)
k!
(x − a)k ,
xI
α
b
(
C
x D
α
b f (x)
)
=f (x)−
n−1∑
k=0
(−1)k f
(k)(b)
k!
(b − x)k .
3. Fractional Newton’s Method
Let Pn(R), the polynomial space of degree less than or
equal to n with real coefficients. The zeros ξ of a func-
tion f ∈ Pn(R) are usually referred to as roots. New-
ton’s method is useful for finding the roots of a function
f ∈ Pn(R) . However, this method is limited because it
cannot find roots ξ ∈ C, if the sequence {xi}∞i=0 generated
by (12) has an initial condition x0 ∈R. To solve this prob-
lem and develop a method that has the ability to find
both real and complex roots of a polynomial, if the ini-
tial condition x0 is real, we propose a new method called
Fractional Newton’s Method, which consists of Newton’s
method with the implementation of the fractional deriva-
tive.
Defining
f (α) :=
dα
dxα
f (x),
where dα/dxα denotes any fractional derivative, which
meets the following condition of continuity with respect
to the order of the derivative
lim
α→1f
(α)(x) = f (1)(x). (26)
So, given that a polynomial of degree n is composed of
n+ 1 monomials of the form xm, with m ≥ 0, we can take
the equation (21) together with (12), to define the fol-
lowing iteration function that gives rise to the fractional
Newton’s method for polynomials
xi+1 := Φ
(
αf (xi ),xi
)
= xi −
(
f
(
αf (xi )
)
(xi )
)−1
f (xi ), i = 0,1, · · · , (27)
where
f (αf (xi ))(xi) =
dαf (x)
dxαf (x)
f (x)
∣∣∣∣∣∣
x=xi
.
To try to ensure that the sequence {xi}∞i=0 generated by
(27) has a convergence order (at least) quadratic, the con-
dition (11) is used together with (26) to define αf (xi) as
follows
αf (xi) :=
{
α, if ‖f (xi)‖ ≥ δ and ‖xi‖ , 0,
1, if ‖f (xi)‖ < δ or ‖xi‖ = 0. (28)
Then, there is δ > 0 such that if the sequence {xi}∞i=0
generated by (27) converges to a root ξ of f , there is k > 0
6
UNAM Fractional Newton-Raphson Method Faculty of Science
such that ∀i ≥ k, this sequence can converge with a con-
vergence order (at least) quadratic in B(ξ;δ), if the func-
tion f has only simple roots.
The value of α in (28) is assigned with the follow-
ing reasoning: when the fractional derivative definitions
given by (22) and (24) are used in a function f , it is neces-
sary that the function be n-times integrable and n-times
differentiable, where n = bRe (α)c + 1, therefore |α| ≤ n,
and as a consequence of (28) we have than −2 ≤ α ≤ 2.
But to use Newton’s method it is only necessary that the
function be once differentiable, so the previous inequali-
ties are taken strictly, obtaining
−2 < α < 2, α , −1,0. (29)
Without loss of generality, to understand why the
sequence {xi}∞i=0 generated by the fractional Newton’s
method when using a function f ∈ Pn(R), it has the ability
to enter the complex space starting from a real initial con-
dition x0, just look at the fractional Riemann-Liouville
derivative of order α = 1/2 of the monomial xm
0D
1
2
x x
m =
√
pi
2Γ
(
m+ 12
)xm− 12 , m ≥ 0,
whose result is a function with rational exponent, con-
trary to what would happen when using the conventional
derivative. When the iteration function given by (27) is
used, an initial condition x0 , 0 must be taken, this as a
consequence of the fact that the fractional derivative of
the order α > 0 of a constant is usually proportional to
the function x−α .
When α , 1 is taken, the sequence {xi}∞i=0 generated
by the iteration function (27), it presents among its be-
haviors, the following particular cases depending on the
initial condition x0:
1. If an initial condition x0 > 0 is taken, the se-
quence {xi}∞i=0 can be divided into three parts, this
occurs because there may be a value M ∈ N for
which {xi}M−1i=0 ⊂ R+ with {xM } ⊂ R−, consequently{xi}i≥M+1 ⊂C.
2. On the other hand, if an initial condition is taken
x0 < 0, the sequence {xi}∞i=0 can be divided into two
parts, {x0} ⊂R− and {xi}i≥1 ⊂C.
Unlike the classical Newton’s method; which uses tan-
gent lines to generate a sequence {xi}∞i=0, the fractional
Newton method uses lines more similar to secants.
A consequence that the lines are not tangent when us-
ing (27), is that different trajectories can be obtained for
the same initial condition x0 just by changing the order α
of the derivative.
A typical inconvenience that arises in problems related
to fractional calculus, It is the fact that it is not always
known what is the proper α order to solve such problems.
As a consequence, different values of α are usually tested
and the value that allows obtaining a solution that best
meets some established criteria of accuracy is chosen.
Figure 2: Illustration of some lines generated by the frac-
tional Newton’s method, the red line corresponds to the
case α = 1.
a) α = 0.19 b) α = 1.87
c) α = −0.32 d) α = −0.77
Figure 3: Illustrations of some trajectories generated by
the fractional Newton’s method for the same initial con-
dition x0 but with different values of α.
Based on the aforementioned, it is advisable to fol-
low the following instructions when using the fractional
Newton method to find the zeros ξ of a function f :
1. Without considering the integers −1 and 0, a parti-
tion of the interval [−2,2] is created as follows
−2 = α0 < α1 < α2 < · · · < αs < αs+1 = 2,
and using the partition, the following sequence
{αm}sm=1 is created.
2. A non-negative tolerance TOL < 1 and a limit of it-
erations LIT > 1 are set for all αm.
3. A value δ > TOL > 0 is set to use αf (x) given by (28).
In addition, a fractional derivative is taken that satis-
fies the condition of continuity (26), and it is unified
with the fractional integral in the same way as in the
equation (22).
4. An initial condition x0 , 0 and a value M > LIT are
set.
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5. The iteration function (27) is used with all the val-
ues of the partition {αm}sm=1, and for each value αm a
sequence {mxi}Rmi=0 is generated, where
Rm =

K1 ≤ LIT , if there is k > 0 such that
∥∥∥f (mxk )∥∥∥ ≥M ∀k ≥ i.
K2 ≤ LIT , if there is k > 0 such that
∥∥∥f (mxk )∥∥∥ < TOL ∀k ≥ i.
LIT , if
∥∥∥f (mxi )∥∥∥ ≥ TOl ∀i ≥ 0,
then a sequence
{
xRm
}r
m=1
is generated, with r ≤ s,
such that
∥∥∥∥f (xRm)∥∥∥∥ ≤ TOL, ∀m ≥ 1.
6. A value ε > 0 is set and the values xR1 and xR2 are
taken. X1 = xR1 is defined, so if
∥∥∥X1 − xR2∥∥∥ ≤ ε and R2 ≤ R1, (30)
X1 = xR2 is defined. On the other hand if
∥∥∥X1 − xR2∥∥∥ > ε, (31)
X2 = xR2 is defined.
Without loss of generality, it can be assumed that the
second condition is met, then X3 = xR3 is taken and
the conditions (30) and (31) are checked for the val-
ues X1 and X2. The above process is repeated for
all values xRm , with m ≥ 4, and that generates a se-
quence {Xm}tm=1, with t ≤ r, such that
∥∥∥Xi −Xj∥∥∥ > ε, ∀i , j.
By following the steps above to implement the frac-
tional Newton’s method, a subset of the solution set of
roots, both real and complex, can be obtained from the
function f . An example is given where it is found the
solution set of roots of a function f ∈ Pn(R)
Example 3.1. Let the following function:
f (x) = −57.62x16 − 56.69x15 − 37.39x14 − 19.91x13 + 35.83x12
−72.47x11 + 44.41x10 + 43.53x9 + 59.93x8 − 42.9x7 − 54.24x6
+72.12x5 − 22.92x4 + 56.39x3 + 15.8x2 + 60.05x+ 55.31,
then the following values are set to use the iteration func-
tion given by (27)
TOL = e − 7, LIT = 50, δ = 0.5, x0 = 0.74, M = e+ 18,
and using the fractional derivative given by (22), the re-
sults of Table 1 are obtained.
Although the fractional Newton’s method was origi-
nally defined for polynomials, the method can be ex-
tended to a broader class of functions, as can be seen in
the following example:
Example 3.2. Let the following function:
f (x) = sin(x)− 3
2x
, (32)
then the following values are set to use the iteration func-
tion given by (27)
TOL = e − 10, LIT = 50, δ = 0.5, x0 = 0.29, M = e+ 6,
and using the fractional derivative given by (22), the re-
sults of Table 2 are obtained.
In the previous example, a subset of the solution set
of zeros of the function (32) was obtained, because this
function has an infinite number of zeros.
Using the fractional Newton’s method does not guar-
antee that all zeros of a function f are found, leaving an
initial condition x0 fixed and varying the orders αm of the
derivative. As in the classical Newton’s method, finding
the majority of the zeros of the function will depend on
giving a proper initial condition x0.
If we wanted find a larger subset of zeros of the func-
tion (32), there are some strategies that are usually use-
ful, such as:
1. Change the initial condition x0.
2. Use a greater amount of values αm.
3. Decrease the value of δ.
4. Increase the value of M.
5. Increase the value of LIT .
In general, the last strategy is usually the most useful,
but this causes the method (27) to become more expen-
sive, because it requires a longer runtime for all values
αm.
The method (27) can be extended to several variables
by making some changes to some previous definitions,
for example, it is necessary to define the fractional Jaco-
bian matrix of the function f as follows
f (α)(x) :=

∂α1 f1(x) ∂
α
2 f1(x) · · · ∂αn f1(x)
∂α1 f2(x) ∂
α
2 f2(x) · · · ∂αn f2(x)
...
...
. . .
...
∂α1 fn(x) ∂
α
2 fn(x)
... ∂αn fn(x)
 , (33)
where
∂αj fk(x) :=
∂α
∂xjα
fk(x), 1 ≤ j,k ≤ n.
The operator ∂α/∂xαj denotes any fractional derivative,
applied only to the variable xj , that meets the following
condition of continuity with respect to the order of the
derivative
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m αm
mξ
∥∥∥f (mξ)∥∥∥2 Rm
1 −0.8046 −1.0013395127 3.2792087268e − 8 3
2 −0.5038 −0.6243527565 1.2183068616e − 9 3
3 0.8761 0.589992243− 0.8669968672i 5.3467126785e − 8 16
4 0.8766 −0.2866136873− 0.8084064192i 1.5332126970e − 8 12
5 0.8931 0.364524885− 0.8328782107i 2.4960606461e − 8 12
6 0.8943 0.8812118275 + 0.4269622022i 7.1936683049e − 8 14
7 0.8951 0.8812118275− 0.4269622022i 7.1936683049e − 8 12
8 1.0084 −1.3699526956 7.3236151366e − 8 6
9 1.0594 1.0342397554 6.4513386633e − 8 5
10 1.1777 −0.7005049056− 0.785770986i 8.0560856901e − 8 25
11 1.1786 −0.7005049056 + 0.785770986i 8.0560856901e − 8 19
12 1.1790 −0.3598376434− 1.1813526671i 1.8326649126e − 7 20
13 1.1793 0.364524885 + 0.8328782107i 2.4960606461e − 8 11
14 1.1794 0.589992243 + 0.8669968672i 5.3467126785e − 8 13
15 1.1818 −0.3598376434 + 1.1813526671i 1.8326649126e − 7 35
16 1.2227 −0.2866136873 + 0.8084064192i 1.5332126970e − 8 11
Table 1: Results obtained using the iterative method (27).
m αm
mξ
∥∥∥f (mξ)∥∥∥2 Rm
1 −1.9064 1.503411946 1.0939804618e − 11 6
2 −0.5437 6.515489682 3.5521863229e − 11 9
3 −0.0808 −2.4972719983 7.0925487705e − 12 9
4 −0.0251 −1.503411946 1.0939804618e − 11 7
5 0.1528 −21.92267276 5.0792192674e − 10 29
6 0.1713 2.4972719983 7.0925487705e − 12 9
7 0.1850 −12.684898797 2.8590388390e − 10 13
8 0.5342 −6.515489682 3.5521863229e − 11 11
9 0.5356 −9.2621114251 2.2328972005e − 11 13
10 0.5365 −15.611733238 7.3688541380e − 11 15
11 0.5367 −18.928883072 3.0056596101e − 11 16
12 0.5380 18.928883072 3.0056596101e − 11 13
13 0.5381 15.611733238 7.3688541380e − 11 13
14 0.5382 12.684898797 2.8590388390e − 10 13
15 1.2187 9.2621114251 2.2328972005e − 11 13
Table 2: Results obtained using the iterative method (27).
lim
α→1
∂α
∂xjα
fk(x) =
∂
∂xj
fk(x), 1 ≤ j,k ≤ n,
then, the matrix (33) satisfies that
lim
α→1f
(α)(x) = f (1)(x), (34)
where unlike (26), f (1)(x) denotes the Jacobian matrix
of the function f [5]. From (33) and (34) the multivari-
able fractional Newton’s method could be defined using
the iteration function (27).
Three examples are given using the multivariable frac-
tional Newton’s method, where is it found the solution
set of zeros of some functions
Example 3.3. Let the following function:
f (x) =
(
x21 + x
3
2 − 10,x31 − x22 − 1
)T
, (35)
then the following values are set to use the iteration func-
tion given by (27)
TOL = e − 10, LIT = 50, δ = 0.5, x0 = (0.88,0.88)T , M = e+ 10,
and using the fractional derivative given by (22), the re-
sults of Table 3 are obtained.
Example 3.4. Let the following function:
f (x) =
(
x1/2 + y2 − 6,x2 − y3/2 − 3
)T
, (36)
then the following values are set to use the iteration func-
tion given by (27)
TOL = e − 10, LIT = 50, δ = 0.5, x0 = (1.01,1.01)T , M = e+ 10,
and using the fractional derivative given by (22), the re-
sults of Table 4 are obtained.
Example 3.5. Let the following function:
f (x) =
(
x1 + x
2
2 − 37,x1 − x22 − 5,x1 + x2 + x3 − 3
)T
, (37)
then the following values are set to use the iteration func-
tion given by (27)
TOL = e − 10, LIT = 50, δ = 0.5, x0 = (4.35,4.35,4.35)T , M = e+ 10,
and using the fractional derivative given by (22), the re-
sults of Table 5 are obtained.
Without loss of generality, the following methods are
defined for several variables, but they can be occupied
without any problem in the case of one variable.
3.1. Fractional Quasi-Newton Method
Although the fractional Newton method, in one and sev-
eral variables, It is useful for finding multiple zeros of
9
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m αm
mξ1
mξ2
∥∥∥f (mξ)∥∥∥2 Rm
1 −0.5833 0.2243585337 + 1.6981392601i −1.1309764632 + 2.0515230623i 7.7323003473e − 10 12
2 −0.5025 0.2243585337− 1.6981392601i −1.1309764632− 2.0515230623i 7.7323003473e − 10 11
3 0.7271 1.357504346− 0.8607034763i −1.1989995986 + 1.718408229i 7.4231097536e − 10 19
4 0.7423 −1.4271587352 + 0.5694033784i −0.9023356239− 1.8256176427i 5.7526085557e − 10 11
5 0.7515 1.357504346 + 0.8607034763i −1.1989995986− 1.718408229i 7.4231097536e − 10 12
6 0.7614 −0.993628378 + 1.5414649918i 2.2675011006 + 0.1991081456i 6.1555211105e − 10 14
7 0.7622 −0.993628378− 1.5414649918i 2.2675011006− 0.1991081456i 6.1555211105e − 10 15
8 0.7764 −1.4271587352− 0.5694033784i −0.9023356239 + 1.8256176427i 5.7526085557e − 10 16
9 1.1513 1.677848467 1.9296211702 2.7286302484e − 10 5
Table 3: Results obtained using the iterative method (27).
m αm
mξ1
mξ2
∥∥∥f (mξ)∥∥∥2 Rm
1 −0.1414 −1.8265960637 + 1.0074878598i −2.3927532117 + 0.2922744077i 3.1566204793e − 10 10
2 0.6725 −2.6190821552 + 0.1478390554i 2.4622008595− 0.3287712643i 3.9151639288e − 10 14
3 0.6778 −2.6190821552− 0.1478390554i 2.4622008595 + 0.3287712643i 3.9151639288e − 10 15
4 0.7175 −1.8265960637− 1.0074878598i −2.3927532117− 0.2922744077i 3.1566204793e − 10 17
5 1.1108 2.4605390688 2.1050865651 1.7414104127e − 10 4
Table 4: Results obtained using the iterative method (27).
m αm
mξ1
mξ2
mξ3
∥∥∥f (mξ)∥∥∥2 Rm
1 0.7893 −6.0855373119 + 0.2735788405i 0.0410810069 + 3.3297484832i 9.0444563051− 3.6033273236i 7.3505492701e − 10 16
2 0.7906 −6.0855373119− 0.2735788405i 0.0410810069− 3.3297484832i 9.0444563051 + 3.6033273236i 7.3505492701e − 10 16
3 0.8168 6.1710746239 −1.0821620137 −2.0889126102 4.2791621447e − 11 9
4 0.8378 6.0 1.0 −4.0 0.0 6
Table 5: Results obtained using the iterative method (27)
a function f , it has the disadvantage that in many cases
calculating the fractional derivative of a function is not a
simple task. To try to correct this problem, it is used that
for many definitions of the fractional derivative, the arbi-
trary order derivative of a constant c is not always zero,
that is,
∂α
∂xjα
c , 0, (38)
Then, we can define the function
gf (x) := f (x0) + f
(1)(x0)x, (39)
It should be noted that the previous function is almost
a linear approximation of the function f in the initial
condition x0. So, for any fractional derivative that sat-
isfies the condition (38), and using (33) we can define the
fractional quasi-Newton method as
xi+1 := Φ(β(xi ),xi ) = xi −
(
g
(β(xi ))
f (xi )
)−1
f (xi ), i = 0,1, · · · ., (40)
where β(xi) is defined as follows
β(xi) :=
{
α, if ‖xi‖ , 0,
1, if ‖xi‖ = 0. (41)
Since the iteration function (40) does not satisfy the
condition (11), then any sequence {xi}∞i=0 generated by
this iteration function, it does not have a convergence or-
der (at least) quadratic. As a consequence, convergence
speed is slower compared to what would be obtained by
using (27), and then it is necessary to use a larger value
of LIT .
It should be mentioned that the value α = 1 in (41), it
is not taken with the objective of guaranteeing an order
of convergence as in (28), but to avoid the discontinu-
ity that is generated by using the fractional derivative of
constants in the value xi = 0.
An example is given using the fractional quasi-Newton
method, where it is found the solution set of roots of a
function f
Example 3.6. Let the following function:
f (x) =
( 1
2
sin(x1x2)− x24pi −
x1
2
,
(
1− 1
4pi
)(
e2x1 − e
)
+
e
pi
x2 − 2ex1
)T
, (42)
then the following values are set to use the iteration func-
tion given by (40)
TOL = e − 8, LIT = 300, x0 = (1.51,1.51)T , M = +8,
and using the fractional derivative given by (22), the re-
sults of Table 6 are obtained.
It is worth mentioning that the function (42) has in-
finite solutions, so it will be used with the following
method.
3.2. Fractional False-Newton Method
A conventional way in which Newton’s method is usu-
ally deduced, It is based on a linear approximation of a
function f in a xi value. To perform the aforementioned,
we can consider the Taylor polynomial of the function f
around a value xi , and disregarding higher order terms
we get that
f (x) ≈ f (xi) + f (1)(xi)(x − xi), (43)
then, assuming that ξ is a zero of f , from the previous
expression we get that
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m αm
mξ1
mξ2
∥∥∥f (mξ)∥∥∥2 Rm
1 −0.2015 2.4688998097− 22.715462036i 0.3247755555 + 4.5236472118i 7.0629360107e − 8 241
2 1.1571 1.2943604604 −3.1372197901 1.0091736052e − 8 125
3 1.2032 1.4339493302 −6.8207652648 8.6038681797e − 9 155
4 1.2917 1.5305053239 −10.202247947 7.8102662135e − 9 166
5 1.4171 0.4999999997 3.1415926579 3.8640432270e − 9 244
6 1.8845 −0.2605992914 0.622530901 9.7997099144e − 9 42
Table 6: Results obtained using the iterative method (40).
ξ ≈ xi − f (xi)
f (1)(xi)
,
whereby, a sequence {xi}∞i=0 that approximates the
value ξ can be generated using the iteration function
xi+1 := Φ(xi) = xi − f (xi)
f (1)(xi)
, i = 0,1, · · · .
However, the equation (43) is not the only way to gen-
erate a linear approximation to the f function at the point
xi , in general it can be taken
f (x) ≈ f (xi) +m(x − xi), (44)
where m is any constant value of a pending, which al-
lows the approximation (44) to the function f to be valid.
The previous equation allows to obtain the following it-
eration function
xi+1 := Φ(xi) = xi − f (xi)m , i = 0,1, · · · , (45)
which originates the method known as parallel chord
method [7]. The iteration function (45) can be general-
ized to larger dimensions as follows
xi+1 = Φ(xi) = xi −
( 1
m
In
)
f (xi), i = 0,1, · · · , (46)
where In, is the identity matrix of n × n. The previous
equation implies that it is enough to apply the method
(45) component to component for the case in several vari-
ables.
Using the idea of (46) as a basis, and considering any
fractional derivative that satisfies the condition (38), we
can define the fractional false-Newton method as fol-
lows
xi+1 := Φ (β(xi ),xi ) = xi −A∇,β(xi )f (xi ), i = 0,1, · · · , (47)
with A∇,β(xi) given by the following matrix evaluated
at the value xi
A∇,β(xi) =

∂
β(x)
1 1 0 · · · 0
0 ∂β(x)2 1 · · · 0
...
...
. . .
...
0 0
... ∂
β(x)
n 1

x=xi
,
where β(x) is given by (41). It should be noted that
in the previous matrix, if α = 1, on the diagonal there
are the components of the gradient operator, reason for
which the subscript ∇ is placed.
Two examples are given using the fractional false-
Newton method, where it is found the solution set of
roots of some functions
Example 3.7. Let the following function:
f (x) =
( 1
2
sin(x1x2)− x24pi −
x1
2
,
(
1− 1
4pi
)(
e2x1 − e
)
+
e
pi
x2 − 2ex1
)T
,
then the following values are set to use the iteration func-
tion given by (47)
TOL = e − 8, LIT = 500, x0 = (1.02,1.02)T , M = +8,
and using the fractional derivative given by (22), the re-
sults of Table 7 are obtained.
Example 3.8. Let the following function:
f (x) =
(
−0.7x3 − 0.7y2 − 0.7z+ 2.1,−4.4x2 − 4.4y3 − 4.4z+ 17.6,−2.2x − 2.2y − 2.2z3 + 13.2
)T
, (48)
then the following values are set to use the iteration func-
tion given by (47)
TOL = e − 8, LIT = 500, x0 = (1.46,1.46,1.46)T , M = e+ 8,
and using the fractional derivative given by (22), the re-
sults of Table 8 are obtained.
4. Conclusions
The fractional Newton’s method and its derivatives are
useful for finding multiple solutions, of nonlinear sys-
tems, in the complex space using real initial conditions.
Sin embargo, It should be clarified that they have some
advantages and disadvantages between each of them, for
example, although the multivariable fractional Newton’s
method, in general has an order of convergence (at least)
quadratic, it has the disadvantage that it is not an easy
task to find the fractional Jacobian matrix for many func-
tions, and the need to reverse this matrix for each new it-
eration must also be added. But it has an advantage over
the other methods, and this is because it can be used with
few iterations, which allows to occupy a greater number
of values αm belonging to the partition of the interval
(−2,2).
The fractional quasi-Newton method, it has the ad-
vantage that the fractional Jacobian matrix with which
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m αm
mξ1
mξ2
∥∥∥f (mξ)∥∥∥2 Rm
1 0.7711 1.0349916442− 0.5398162312i 5.4186305162 + 4.0416331576i 9.3320679720e − 9 109
2 0.7739 0.299448693 2.836927763 7.5162401779e − 9 169
3 0.7743 −0.1562052358− 1.0205592476i 2.2628453315− 5.7185409739i 9.6357092563e − 9 233
4 0.8169 −0.156205234 + 1.0205592473i 2.2628453239 + 5.7185409797i 9.8861608985e − 9 345
5 0.8760 1.0349916451 + 0.5398162306i 5.4186305164− 4.0416331523i 8.7072808386e − 9 238
6 0.8794 1.1615148772− 0.6965915022i 8.2713287179 + 6.3096763653i 1.0164180360e − 8 397
7 1.2155 1.4813195679 −8.3836126873 8.4297377103e − 9 339
8 1.2182 −1.1084413808 + 0.1090741664i −4.1860976841 + 0.6602510731i 9.8039278406e − 9 329
9 1.2198 −1.1084413808− 0.1090741664i −4.186097684− 0.660251073i 9.7801449116e − 9 329
10 1.3298 1.3374256111 −4.1404386296 9.7529831876e − 9 109
Table 7: Results obtained using the iterative method (47)
m αm
mξ1
mξ2
mξ3
∥∥∥f (mξ)∥∥∥2 Rm
1 1.8522 −0.6439032037− 0.7788915565i 1.765941794− 0.2604871385i −0.955641546 + 1.4162903135i 9.7941492813e − 9 487
2 1.8529 1.2492687978− 0.1558177796i −0.3617744678− 0.8482765298i 1.729986478 + 0.1119888777i 8.6760787137e − 9 77
3 1.8534 1.2492687979 + 0.1558177796i −0.361774468 + 0.8482765293i 1.7299864779− 0.1119888777i 9.1619378520e − 9 74
4 1.8544 −0.1519505175− 1.0381853015i 1.8021900682 + 0.1194393396i −0.7214448014− 1.4775788622i 7.1100954508e − 9 315
5 1.8557 −0.1519505175 + 1.0381853015i 1.802190068− 0.1194393399i −0.7214448014 + 1.4775788622i 1.1183922119e − 8 236
6 1.8613 1.1901780497− 0.224602191i 1.5144213405− 0.1063729366i −0.7879526347 + 1.2653196183i 9.2795602841e − 9 125
7 1.8644 0.5683405977− 0.5954009343i 1.3539838031 + 0.1118571925i 1.6000937187 + 0.062986583i 8.7166870511e − 9 140
8 1.8716 −0.4841817456− 1.4222581944i −0.6377380067 + 1.4681346612i 1.9239821015− 0.0041311153i 8.3619105374e − 9 109
9 1.8717 −0.4841817449 + 1.4222581943i −0.6377380069− 1.4681346608i 1.9239821014 + 0.0041311153i 6.5881887932e − 9 110
10 1.8743 −1.0088055925 + 0.8062551078i −0.9606214036 + 0.9334349219i 2.0078432859− 0.1440911099i 9.8460903345e − 9 92
11 1.8745 0.568340606 + 0.5954009335i 1.3539838015− 0.1118571945i 1.6000937175− 0.0629865827i 9.6780555067e − 9 139
12 1.8776 −0.6359126174 1.2253999526 1.7555483943 6.4742127133e − 9 52
13 1.8799 −0.5745275251− 1.920626989i −0.9787285167 + 1.7765056834i −0.9702611773− 1.7054982229i 1.0099510834e − 8 139
14 1.8873 1.1901780519 + 0.2246021938i 1.51442134 + 0.1063729354i −0.7879526349− 1.265319618i 9.3851015468e − 9 152
15 1.8904 −1.0088055915− 0.806255111i −0.9606214047− 0.9334349235i 2.007843286 + 0.1440911104i 8.0893344747e − 9 97
16 1.9116 −0.6439032017 + 0.7788915579i 1.7659417946 + 0.2604871384i −0.9556415461− 1.4162903131i 8.7351136098e − 9 153
Table 8: Results obtained using the iterative method (47)
it works, compared to the multivariable fractional New-
ton’s method, it is easy to obtain. But a disadvantage is
that the method does not have a convergence order (at
least) quadratic, so the convergence speed is lower, and
it is necessary to use a greater number of iterations to
guarantee success in the search for solutions. As a conse-
quence, the method is more expensive because it requires
a longer runtime to use all values αm. A further advan-
tage of the method is that if the initial condition is close
enough to a solution, its behavior is very similar to the
multivariable fractional Newton’s method, and can con-
verge with a relatively small number of iterations, but it
still has the disadvantage that a matrix needs to be re-
versed in each iteration.
The fractional false-Newton method, it seems to solve
the problem of the need to invert a matrix in each it-
eration presented by the previous methods. However,
this method is the one with the lowest convergence speed
compared to the other methods, so it is necessary to use a
much larger number of iterations, than would be used
with the fractional quasi-Newton method, in order to
guarantee success in the search for solutions. In addition,
the method is not as accurate as the previous ones, so it
is necessary to use a larger number of values αm to find
solutions, so it can be considered as a slow and expen-
sive method. But its advantage over the other methods is
that it is not necessary to calculate any fractional Jacobian
matrix.
The methods seen solve some nonlinear systems, and
they are really efficient methods to find multiple solu-
tions, both real and complex, using real initial condi-
tions. It should be mentioned that these methods are ex-
tremely recommended in systems that have infinite solu-
tions or a large number of them.
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